We are interested in the global solutions to a class of Klein-Gordon equations, and particularly in the unified time decay results with respect to the possibly vanishing mass parameter. We give for the first time a rigorous proof, which relies on both the flat foliation and the hyperboloidal foliation of the Minkowski spacetime. In order to take advantages of both foliations, an iteration procedure is used.
Introduction Model problem and main result
We are interested in the following system of wave-Klein-Gordon equationś u`m 2 u " M 1 v 3`P α B α pv 2 q, v`v " N 1 pB t uq in which the range of the mass parameter in the u equation is m P r0, 1s, and M 1 , N 1 , N 2 , N 3 , P α are fixed constants which are independent of the mass parameter m. The wave operator is defined by :" η αβ B α B β , with η " diagp´1, 1, 1, 1q the metric of the Minkowski spacetime. Throughout we use Greek letters to denote spacetime indices and Latin letters to denote space indices, and the Einstein summation convention is adopted unless specified.
The initial data are prescribed at the hypersurface t " t 0 u, v˘pt 0 ,¨q " pu 0 , v 0 q,`B t u, B t v˘pt 0 ,¨q " pu 1 , v 1 q.
In the following we will take t 0 " 2, and assume the support of the initial data is in Bp0, 1q, which is the ball centred at the origin with radius 1. We are interested in the existence of global solutions to the system (1.1) which is uniform in terms of the parameter m P r0, 1s, and particularly, in the behavior of u in the limiting process of m Ñ 0, which is proposed by LeFloch [14] . Intuitively, in a short time range the effect of the mass term in the u equation is negligible when the mass parameter m is very tiny, and the solution u is expected to behave more like a wave component, i.e. solution to the u equation with m " 0. The goal of this paper is to give a precise statement and provide a rigorous proof on this problem.
The main result is now stated. Theorem 1.1. Consider the system (1.1) with the mass parameter m P r0, 1s, and let N ě 14 be an integer. Then there exists ǫ 0 ą 0, which is notably independent of m, such that for all ǫ P p0, ǫ 0 q and all compactly supported initial data pu 0 , u 1 , v 0 , v 1 q satisfying the smallness condition }u 0 , v 0 } H N`1 pR 3 q`} u 1 , v 1 } H N pR 3 q ď ǫ, (1.3)
the initial value problem (1.1)-(1.2) admits a global-in-time solution pu, vq. Moreover it holds |upt, xq| À 1 1 t`mt 3{2 , |vpt, xq| À t´3 {2`δ , (1.4)
for arbitrarily small 0 ă δ ! 1{10.
We note that Theorem 1.1 is much easier to prove at the end points of m " 0 and m " 1, in which cases the equation of u is a wave equation and a Klein-Gordon equation respectively. But more is involved in obtaining a uniform result in terms of m P r0, 1s (especially when m is very small but nonzero):
• The L 2 -type estimates and sup-norm estimates obtained by the estimates on the mass term m 2 u cannot be used due to the bad factor m´1. To be more precise, even if m}u} L 2 has good bound, the bound of }u} L 2 might below up when m Ñ 0.
• The scaling vector field and the conformal vector field do not commute with the KleinGordon operator´ `m 2 .
• The tricks in Proposition 3.1 and Proposition 3.3 of [16] in obtaining pointwise estimates for wave or Klein-Gordon components cannot be applied on u component due to its possibly vanishing mass m.
• It is hard to get either a good uniform L 2 -type estimate or a sharp uniform sup-norm estimate on u component in terms of m.
We will only prove Theorem 1.1 in dimension 3, but the same proof applies to higher dimensions ě 4 automatically. Thanks to the fast decay of solutions to wave or Klein-Gordon equations in dimensions ě 4, it is harmless to add many quadratic nonlinearities to (1.1). We also note that the zero mass problem arises in the study of the electroweak standard model, see [4] , where the mass of the left-handed neutrino spinor is extremely small but nonzero according to the physical experiments. Moreover, the model problem (1.1) can cover the Klein-Gordon-Zakharov model (see for instance [20, 23] ), and one refers to [5] for another generalisation of the study on that model.
Previous work and new ideas
Let us briefly review some existing work before we illustrate our techniques for treating the system (1.1). It was shown independently by Klainerman [13] and Christodoulou [2] that wave equations with null form nonlinearities admit global-in-time solutions. Various important results on the wave equations came out by employing the vector field method by Klainerman, or the conformal method by Christodoulou. On the other hand, Klainerman [11] and Shatah [21] were first able to treat Klein-Gordon equations with quadratic nonlinearities in R 1`3 . By relying on Klainerman's vector field method and Shatah's normal form method, many results on the (wave and) Klein-Gordon equations were proved. Later on, LeFloch-Ma [15] introduced the hyperboloidal foliation method, which allows one to treat coupled wave and Klein-Gordon equations in one framework.
However, in terms of the unified decay estimates in (1.4), the only existing such result, to the best knowledge of the author, was proved in [4] for the Dirac component. Relying on the special structure of the Dirac equation, the authors in [4] were able to define a positive definite energy functional adapted to the hyperboloidal foliation. In particular the energy functional is independent of the mass parameter of the Dirac equation, which allows one to obtain the unified decay result.
In this paper, we rely on the hyperboloidal foliation method to show the decay results t´3 {2 (possibly with a factor of m´1) of the Klein-Gordon components, while we utilise the flat foliation and the vector field method to obtain the decay results t´1 of u component which are uniform in terms of m P r0, 1s. The key to obtaing the uniform decay results t´1 of u component is to prove a uniform L 2 bound, which is stated in Proposition 3.3, where we analyse u equation in the frequency space; see also Proposition 3.1 for the homogeneous case. In order to take advantages of both foliations, we use an iteration method, which was used in [1, 23] and many others. The compactness assumption in Theorem 1.1 is due to the use of the hyperboloidal foliation, which for instance was removed in [17, 18] .
Some special types of quadratic nonlinearities
We note that there is one quadratic term in the u equation, which is of divergence form. It is interesting to investigate other possibilities of quadratic nonlinearities in the u equation which also lead to global-in-time solution as well as the unified decay results (1.4). We find it safe to include the following two special types of quadratic terms, while we leave the effects of more general quadratic terms open. Type 1. Denote the strong null forms (see [6] ) by
we know that it holds (see for instance [22] )
It is not hard to see that the good factor t´1 makes the null forms Q αβ behave like a cubic term. Hence we can add the strong null forms Q αβ in the u equation.
Type 2. Recall that Delort et. [3] introduced one notion of null forms for the Klein-Gordon equations when they studied the global solutions to the Klein-Gordon system with different masses in dimension two. Later on, Katayama et. [9] gave a characterization of the null condition proposed in [3] and [10] . Motivated by their work, we find it also harmless to consider´
The reason is that the variable u :" u`v 2 satisfies the equation with cubic nonlinearities, i.e.
In conclusion, we can also treat the quadratic term Cp2´m 2 qv 2`C B α vB α v in the u equation when Q v is sufficiently good, with C a constant independent of m.
Organisation of the paper
In Section 2, we introduce some notations and preliminaries. Next in Section 3, we study the unified decay estimates for both homogeneous and inhomogeneous linear Klein-Gordon equations with varying mass. Moreover we introduce the solution space and the solution map with several properties in Section 4. Finally in Section 5 we prove Theorem 1.1 relying on an iteration process which takes advantages of both the flat and the hyperboloidal foliations.
2 Notations and preliminaries
Introduction of the hyperboloidal foliation method
We recall some notations of the hyperboloidal foliation of the Minkowski spacetime used in [15, 16] , which was also introduced and used by Klainerman [11] and in the book [7] . We need to introduce and study the energy functional for wave or Klein-Gordon components on hyperboloids, and it is necessary to first recall some notations from [15] concerning the hyperboloidal foliation method. We consider here the p3`1q-dimensional Minkowski spacetime with signature p´,`,`,`q, and in Cartesian coordinates we adopt the notation of one point pt, xq " px 0 , x 1 , x 2 , x 3 q, with its spatial radius r :" |x| " a px 1 q 2`p x 2 q 2`p x 3 q 2 . Partial derivatives are denoted by B α :" B x α (for α " 0, 1, 2, 3), and
represent the Lorentz boosts. Throughout, the functions considered are defined in the interior of the future light cone K :" tpt, xq : r ă t´1u, with vertex p1, 0, 0, 0q. We denote the hyperboloidal hypersurfaces by
We emphasize here that within the cone K it holds for all points on H s
Besides, the subsets of K limited by two hyperboloids H s 0 and H s 1 with s 0 ď s 1 are denoted by
We now introduce the semi-hyperboloidal frame
We notice that the vectors B a generate the tangent space of the hyperboloids. Besides, the vector field
is orthogonal to the hyperboloids and is proportional to the scaling vector field S :" tB t`x a B a . The dual of the semi-hyperboloidal frame is given by
The (dual) semi-hyperboloidal frame and the (dual) natural Cartesian frame are connected by the following relations 
Energy estimates on hyperboloids
Following [16] and considering in the Minkowski background, we introduce the energy functional E m for a nice function φ " φpt, xq defined on the hyperboloid H s E m ps, φq :"
which has two other equivalent (and more useful) expressions
are the rotational vector fields, and B K " B t`p x a {tqB a is the orthogonal vector field. It is helpful to point it out that each term in the expressions (2.8) are non-negative, which is vital in estimating the energies of wave or Klein-Gordon equations. We use the notation Eps, φq :" E 0 ps, φq for brevity. In the above, the integral in L 1 f pH s q is defined from the standard (flat) metric in R 3 , i.e.
By contrast, we will also frequently use the norms of functions on the flat slices, which are denoted by }φ} :" }φ} L 2 pR 3 q :"´ż 10) and the energy functional on the flat slices
Next, we recall the energy estimates for wave-Klein-Gordon equations on the hyperboloids. 
for all sufficiently regular function u, which is defined and supported in the region K r2,ss .
For the proof, one refers to [16] .
Useful inequalities
Klainerman-Sobolev inequality We first state the following Klainerman-Sobolev inequality, whose proof can be found in [12] .
Proposition 2.2. Let u " upt, xq be a sufficiently smooth function which is compactly supported for each fixed t ě 2. Then for any t ě 2, x P R 3 , we have |upt, xq| À t´1 sup
We note that the importance of the Klainerman-Sobolev inequality to our problem is that the scaling vector field L 0 " tB t`x a B a , which does not commute with´ `m 2 , is not needed.
Sobolev-type inequality on the hyperboloids Following from [15] , we now introduce a Sobolev-type inequality adapted to the hyperboloids, which is important in obtaining the sup-norm estimates for both wave and Klein-Gordon components.
Proposition 2.3. For all sufficiently smooth functions u " upt, xq supported in tpt, xq : |x| ă t´1u and for all s ě 2, one has
in which the symbol L denotes the Lorentz boosts.
Following from the Sobolev inequality (2.14) and the commutator estimates, we have the following inequality sup
Hardy inequality Proposition 2.4. Let φ " φpxq be a sufficiently smooth function in dimensions ě 3, then it holds
One also has Hardy inequality adapted to the hyperboloids, see for instance [16] , where one replaces }¨} by }¨} L 2 f and B a by B a .
Commutator estimates
We now recall some well-known facts about the commutators among different vector fields.
Proposition 2.5. The following relations are valid
for all Γ P A " tL a , B α , Ω ab " x a B b´x b B a u, with δ αβ the Kronecker delta.
3 Unified decay results for linear Klein-Gordon equations
The homogeneous case
We first consider a simple homogeneous Klein-Gordon equation with m P r0, 1ś
and prove the following theorem.
Proposition 3.1 (Unified decay results for homogeneous Klein-Gordon equations).
Consider the initial value problem (3.1), and assume the initial data are compactly supported and satisfy
then the following unified decay result is valid
3)
The proof relies on a simple utilization of the Fourier method, which is from the lecture note by Luk [19] in treating homogeneous wave equations. We first revisit some basics in Fourier analysis before giving the proof.
Recall the Fourier transform of a nice function φ " φpxq is defined by
and the inverse Fourier transform of a nice function ψ " ψpξq is defined by
Next we recall some basic but important facts in Fourier analysis.
Proposition 3.2. The following properties hold for a nice function φ " φpxq:
• Inverse formula.
• Relation between partial derivatives and Fourier multipliers.
Proof of Proposition 3.1. In the Fourier space, the equation (3.1) can be written as
in which we used the notation
Next by solving the ordinary differential equation above, we get the explicit solution in the Fourier space
which can also be expressed by the following four terms. Then we estimate the inverse Fourier transform of those four terms above, but we notice that it suffices to estimate the first two terms. We denote by the inverse Fourier transform of the second term
Without loss of any generality, we assume
x " p0, 0, |x|q, and we use the polar coordinates for the first two components of ξ, i.e.
ξ "`ρ cos ξ θ , ρ sin ξ θ , ξ 3˘, pρ, ξ θ q P r0,`8qˆr0, 2πq, and thus dξ " ρdρdξ θ dξ 3 .
It also helps to note that
as well as
Now relying on these results we further arrive at
where we did integration by parts in the second step. Observe that ż
where we used the fact in the last step that
when Ω Ă R d is a compact set. Thus we arrive at
and similarly we can show
To conclude, we have
Next we do the same analysis on the inverse Fourier transform of the first term, which we denote by
By adopting the same setting, we proceed and get
Similarly, we conclude that
A combination of (3.9) and (3.10) gives
On the other hand, we observe that it is easy to show
Hence we arrive at (3.3) since the bound m´1pt`2q´3 {2 is trivial to prove.
The inhomogeneous case
Proposition 3.3. Consider the wave-Klein-Gordon equatioń
with mass m P r0, 1s, and assume
for some numbers C t 0 and C f . Then we have
Proof. We write the u equation and solution in the Fourier space pt, ξq:
Next by the fact | sin p|, | cos p| ď 1, we have the L 2 norm estimates
where we use the fact |ξ| ď ξ m in the last step. An application of the Hardy inequality in the frequency space gives
The proof is complete by recalling the assumptions on f and the basic calculations.
4 Setting of the iteration process
The solution space and the solution map
The goal of this section is to design a proper solution space X, with a solution map T : X Ñ X. We will show that the map T is a contraction map by carefully choosing parameters in the space X. We now introduce the X-norm of a sufficiently regular function set pφ, ψq "`φpt, xq, ψpt, xq˘, which is defined by }pφ, ψq} X :" sup
in which 0 ă δ ! 1{10 and C 1 " 1 are some constants to be determined, which are fixed once and for all. Taking the initial data to the model problem (1.1) into account, we are now ready to introduce the solution space
in which the same C 1 " 1 is some constant to be determined, and ǫ is the size of the initial data. It is not hard to see that the function space X is complete with respect to the metric }¨} X . Naturally, the image T pu, vq " pφ, ψq of pu, vq P X is defined as the solution to the linear Klein-Gordon equations´
The main task in this section is to prove the following proposition. On one hand, Proposition 4.1 ensures that T pXq Ă X. On the other hand, the proof of Proposition 4.1 can also be adapted to prove the solution map T is a contraction map. A combination of these two allows us to rely on the fixed point theorem to prove the existence of global solutions to (1.1).
Proof of Proposition 4.1
In order to prove Proposition 4.1, we need to rely on a few lemmas and propositions given below.
Lemma 4.2. Let pu, vq P X, then it holds for all Γ P A " tL a , B α , Ω ab u that
Proof. The proof of the first two estimates follows from the Sobolev-type inequality on the hyperboloids in Proposition 2.3, as well as the commutator estimates. For the last estimate, it follows from the Klainerman-Sobolev inequality (2.13) and the commutator estimates. Proposition 4.3 (Energy estimates on the flat slices). Assume pφ, ψq " T pu, vq with pu, vq P X, then for all Γ P A we have
Proof. First, by the energy estimates it holds for all |I| ď N that
We insert the estimates of v and arrive at
Next, we need to estimate the L 2 norm of φ component. Following [8] and for all |I| ď N , we observe that
in which Φ α , Φ 5 are solutions to the following equations:
We notice that
which follows from an energy estimate, and
which is thanks to the estimate
and Proposition 3.3.
Hence together with what we have proved for E m pt, Γ I φq 1{2 , the first estimate in (4.7) is now obtained.
Finally we turn to the estimates of ψ component. For |I| ď N , the energy estimates give us
Since pu, vq P X, we thus have
By the local estimates of the solution pφ, ψq, we have the following bounds of its hyperboloidal energy on the initial slice.
Lemma 4.4. Let pφ, ψq " T pu, vq with pu, vq P X, then for all |J| ď N´5 and Γ P A it holds true that E m p2, Γ J φq
Proposition 4.5 (Energy estimates on the hyperboloids). Assume pφ, ψq " T pu, vq with pu, vq P X, then we have for all Γ P A that
Proof. From the energy estimates, we have for all |J| ď N´5
Successively, we get
In the process of estimating }Γ J puvq} L 2 f pHsq , we always take L 2 norm of v and take L 8 norm of u. To be more precise, we have
which leads us to
Thus the proof is complete.
With the preparations above, we are ready to give the proof of Proposition 4.1.
Proof of Proposition 4.1. We choose C 1 ą 0 large enough such that C 1{4 1 ě 2C`1 for all generic constants C appearing in the analysis, and choose ǫ ą 0 very small such that C 2 1 ǫ ď δ ! 1{10. Then by recalling Proposition 4.3 and Proposition 4.5, we easily get }T pu, vq} X ď 1 2 }pu, vq} X f or all pu, vq P X, which proves Proposition 4.1.
5 Proof of Theorem 1.1
Proof of the contraction map
The main goal in this section is to prove the following proposition.
Proposition 5.1. Let pu, vq, pr u, r vq P X, and pφ, ψq " T pu, vq, p r φ, r ψq " T pr u, r vq. If we denote
then it is true that › › pφ´r φ, ψ´r ψq
Before we proceed, we first write the equations satisfied by the difference pχ 1 , χ 2 q :"`φ´r φ, ψ´r ψ˘, and we find´ 
Furthermore, by the local estimates of the solution pχ 1 , χ 2 q, we have the following bounds of its hyperboloidal energy on the initial slice. Next we look at the energy estimates of pχ 1 , χ 2 q on the flat slices.
Lemma 5.5 (Estimates on the flat slices). With the same assumptions and notations as in Proposition 5.1, for all Γ P A we have
(5.8)
We omit the proof since a very similar argument to the one in the proof of Proposition 4.3 also applies here. Now we turn to estimate the energies of pχ 1 , χ 2 q on the hyperboloidal slices.
Lemma 5.6 (Estimates on the hyperboloids). For all |J| ď N´5 and Γ P A, we have
The proof is very similar to the one of Proposition 4.5, and we omit it. We are in a position to prove Proposition 5.1, which further proves Theorem 1.1.
Proof of Proposition 5.1. By recalling the choice of the constants C 1 , ǫ, and the estimates in Lemma 5.5 and Lemma 5.6, it is not hard to show }pχ 1 , χ 2 q} X ď 1 2 h, which proves Proposition 5.1.
Proof of Theorem 1.1. Let pλ Finally, we observe that |upt, xq| À mintt´1, m´1t´3 {2 u is equivalent to (1.4), and hence the proof is complete.
High order estimates on the hyperboloids
Looking back at the definition of the }¨} X -norm, there is a lack of derivatives for the energy estimates of the solution pu, vq on the hyperboloids. We will make up that lack in this subsection, which is stated now.
Proposition 5.7. Let pu, vq be the solution to the system (1.1), and let all the assumptions in Theorem 1.1 be true, then we have s´2 δ E m ps, Γ I uq 1{2`s´1{2´δ E 1 ps, Γ I vq 1{2 ď C 1 ǫ, |I| ď N, Γ P A. (5.10)
Note that we already know the solution pu, vq to the system (1.1) exists globally, with moreover }pu, vq} X ď C 1 ǫ. Many of the estimates for pu, vq established in the analysis are ready to use. It is not difficult to show Proposition 5.7 relying on the standard bootstrap method, where we might harmlessly enlarge C 1 or shrink ǫ, so we omit its proof.
